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MeTo po60Tu € OLiHKa [OCTOBIPHOCTI BifJHOBMEHHS KOHLIEHTpaLLii i TemMnepaTypu enekTpoHiB, iOHHOro
CKnagy nnasmu 3a BOMbTamMrepHO XapakTepucTunkoro (BAX) i30/1b0BaHOi 30HA0BOI CUCTEMU 3 LUAIHAPUYHUMM
enekTpogamu. BukoHaHo aHani3 nobyaoBaHoi paHille MaTeMaTUYHOT MOAeNi 36MpaHHs CTPYMy 30HA0BO CUCTe-
MOIO NpW MO3UTUBHWX NOTEHLianax 3MilleHHs | AOBINbHOMY BiHOLLUEHHI M/IOWMH eNnekTpogis. Mogenb [onoB-
HeHa (hopMy/I0H0, SIKa BMU3HAYa€ 3 TOYHICTIO A0 KilbKOX BiACOTKIB 3HaYeHHS MOTeHLiany 3CyBy, NPW AKOMY 30H[,
3HaX0AMTbCA Mif NOTEHLia oM Nnasmu, a BofbTaMMnepHa XapaKTepuCcTMKa NoginaeTbca Ha nepexifgHy i eneKTpoH-
Hy 06/1acTi. AHaniTUYHa 3a1eXHICTb NOTeHLiany 3CyBY Bif NapamMeTpiB Maasmu i BifHOLEHHS NNOLWMH enekTpo-
[iB fo3Bonuna hopmanisyBati npoLeAypy BiHOBNEHHS i OLiHIOBaHHA [OCTOBIPHOCTI 3HalAeHUX napameTpis
nnasmu 3 BUKOPUCTaHHAM 06nacTeid X HalibinbLIOro BNANBY Ha 36MpaemMuin 30H40BUI CTpyM. MpoBeseHO napa-
METPUYHI AOCNIMKEHHSA BMAMBY NapameTpiB na1asMu Ha 30HA0BWIA CTPYM B 6/IM3bKMX [0 iIOHOCHEPHMX BUMIpIO-
BaHb YMOBaX. BMKOHaHO 06rpyHTYyBaHHSI MOXIMBOCTI MOAINY LUYKaHWX NapameTpiB nnasmu 3a 06nacTamMu ix
Haii6iNbLIOr0 | HAMEHLLIOrO BNAVBY Ha 30HA40BWIA CTPYM B Aiana3oHi po3rnsHyTVX noTeHuianis 3cyBy. Copmy-
NbOBAHO 3afjavy ifleHTUiKaLii napameTpiB M1asmMm Ha OCHOBI NMOPIBHAHHA B L2 TEOPETUYHOI anpokcumaLii 30H-
[0BOrO CTPyMy | pesynbTaTiB BUMiptoBaHHA BAX. KoxxHOMY mapameTpy BifnoBifae cBOS LjinboBa PyHKLis, Lo
Bifpi3HAETbCA 06M1aCTHO BU3HAYEHHS | BiJHOLLEHHAM M/IOWMH €NeKTPOAIB MPU BUMIPHOBaHHI BO/IbTaMMNEpHOI
XapaKTepucTUKN. Ha OCHOBI Takoi NOCTaHOBKM 06epHeHoi 3adadi B L2 OTpMMaHi OLiHKW AOCTOBIPHOCTI BigHOB-
NEHHs NapameTpiB Maasmu 3 ABOXCOPTHUMM i0HaMUW B 3a/1EXHOCTI Bif, NOXMO0K MoAeni i 30HA0BUX BUMIpHOBaHb.
OTpuMaHi pe3ynbTaTii MOXYTb 6YTW BUKOPWCTaHI B A4iarHOCTULi iOHOC(epHOT niasmu.

Knto4osi cnosa: fBOXCOPTHI iOHW Nna3mu, i30N1b0BaHa 30HA0BA CUCTEMA 3 LAIHAPUYHUMU eneKTpoaamum,
mMaTemaTuyHa Modenb 36UpaHHs CTPyMy, napameTpuuHa igeHTudikalis, JOCTOBIPHICTb BiAHOBNEHHS Napa-
MeTpiB nnasmu.

The aim of this work is to estimate the reliability of extracting the plasma electron density and temperature
and ionic composition from the current-voltage (I-V) characteristic of an isolated probe system with cylindrical
electrodes. An earlier proposed mathematical model of current collection by the probe system at positive bias
potentials and an arbitrary ratio of the electrode areas is analyzed. The model is supplemented with a formula that
determines, with an accuracy of several percent, the value of the bias potential at which the probe is under the
plasma potential and the 1-V characteristic splits into a transition and an electronic region. The analytical depend-
ence of the bias potential on the plasma parameters and the ratio of the electrode areas made it possible to formal-
ize the procedures for determining and assessing the reliability of the extracted plasma parameters using the re-
gions of their strongest effect on the collected probe current. Parametric studies of the effect of the plasma param-
eters on the probe current were carried out for conditions close to measurements in the ionosphere. The paper
demonstrates the feasibility of partitioning the sought-for plasma parameters into the regions of their strongest and
weakest effect on the probe current in the range of the bias potentials considered. The problem of plasma parame-
ter identification is formulated on the basis of a comparison of the probe current and the measured |-V character-
istic in the L2 theoretical approximation. To each parameter there corresponds an objective function of its own,
which differs in the domain of definition and the ratio of the electrode areas used in |-V characteristic measure-
ments. Based on this formulation of the inverse problem in Lz, estimates of the reliability of identification of the
parameters of a plasma with two ion species are obtained depending on the errors of the model and probe meas-
urements. The results obtained may be used in ionospheric plasma diagnostics.

Keywords: two species of plasma ions, isolated probe system with cylindrical electrodes, mathematical
model of current collection, parametric identification, reliability of plasma parameter extraction.

Introduction. Stationary electric Langmuir probes are widely used in diag-
nostics of space plasma [1, 2]. As a reference electrode for the probe, the body of
the spacecraft is usually used — the outer conductive elements of spacecraft, which

are not insulated from the plasma. A rather stringent condition S = SCp/Sp >10"
for the ratio of the areas of the reference electrode S, and the probe S, along

with the strongly rarefied plasma and the current trend towards the use of micro-
and nanosatellites, make it difficult to use the measuring circuit of a single Lang-
muir probe. In such situation, it makes sense to use a measuring probe system that
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is electrically isolated from the spacecraft body [1].

In [3] we proposed a procedure for interpreting the I-V characteristic of an
isolated probe system with composite cylindrical electrodes in a four-component
plasma flow using a priori information on the experimental conditions. The proce-
dure is based on the parametric identification of two |-V characteristics of the
probe system obtained under the ratio of the electrode areas of S;<150 and
S >400. In this case, it was proposed to carry out measurements in the electronic
part of I-V characteristic at relatively high bias potentials. However, probe bias
potentials of about 10 V are often used in the ionosphere. In this article, we con-
sider the problem of diagnosing a plasma flow with two ion species at lower posi-
tive probe bias potentials, and investigated the reliability of the restoration of the
electron density and temperature together with the determination of the plasma
ionic composition.

Problem formulation. The probe system is isolated from the spacecraft body,

it consists of a thin cylindrical measuring electrode (probe) with a base radius r

and a reference electrode made up of a row of parallel cylinders with base radii
Iep - Let the base radii of the electrodes be significantly less than their length, the

ends are isolated from the plasma. Let the base radii of the probe and the reference
electrode satisfy the conditions:

rp/hg <1, Iy /Ay <€ =3-10 (1)

where L4 is the Debye length in unperturbed plasma, " is the value of rcp/xd
that limits the applicability of the Langmuir formula for the ion current to a trans-
versely oriented cylinder. With an increase in the flow velocity, & increases up to

10 in hypersonic flow [4].

Let the electrodes have electrical contact with plasma, the electrostatic and
gas-dynamic influence of the electrodes on each other in plasma is small, and there
are no emission currents from the surfaces. The probe system is transversely
placed in a supersonic plasma flow with mass velocity V . We assume that plasma
is four-component (consists of neutrals, positive singly charged ions of two types
and electrons), quasi-neutral, the flow around electrodes is collisionless, the influ-
ence of the magnetic field on the probe current is insignificant, the velocity distri-
bution of particles of the same type in unperturbed plasma is Maxwellian.

Taking into account the condition of quasineutrality n;, +n;, =n,, the ionic

composition of the plasma is determined by the parameter y, =ni,1/ne, where
N1, Nj, are, respectively, densities of ions of the species i,1 and i,2, n, is the
density of electrons. The temperatures of the ions of the species i,1 and i,2 are
assumed to be the same T, =T;, =T;, the masses of the ions m;,, m,, are

known. We assume that m;; <m;,. The aim is to determine the density n, and

temperature T, of electrons as well as parameter y, by the results of measure-

ments of the 1-V characteristic of the considered probe system, i.e. by the depend-
ence of the probe current |, on the probe’s potential with respect to the reference

electrode’s.
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Mathematical model of current collection. A mathematical model of the
current collection by an isolated probe system in a plasma with two ion species is
developed in [3]. The model is based on the classical Langmuir relations and the
results of calculations by Laframboise and works [4, 5] under the assumption that
the presence of different types of ions in a supersonic plasma flow does not lead to
a significant change in the self-consistent electric field in the vicinity of the cylin-
der [3, 6]. In dimensionless form, the total current on a cylinder with a potential ¢

relative to the undisturbed plasma, is estimated by the relations (the electron cur-
rent is assumed positive):

e (0)=Te (@)~ %n2m /B - Ti1(0) - W=7 Wi/B T2 (0), Si>xm (2

where 1, I, are total and electron currents on the cylinder, respectively, normal-
ized by the thermal electron current; I; is the ion current on a cylinder, normalized
by the thermal current of ions of the corresponding type, x.,, =m;,/m;; is the
masses ratio of ions of different types, n=m,/m;, is the ratio of the masses of
charged particles, p=T,/T; is the ratio of temperatures of charged particles,
Si =V/u; , is the ionic velocity ratio for heavier ions of the type i,2. The dimen-

sionless potential ¢ is normalized by KT, /e, where K is the Boltzmann constant,

e is the elementary charge. Here, values with index i relate to ions, i,1 — to lighter
ions of the sort i,1, i,2 — to heavier ions of the sort i,2, e — to electrons. Calculation

formulas for I, I, are given in [3].
It should be noted that the velocity ratio of lighter ions is 4/x,, times less then
S; . For example, at altitude of about 500 km the velocity ratio for oxygen ions is

greater than 7, but for hydrogen ions it’s about 2. In this case, condition (1) of ap-
plicability of the approximation of the hydrogen ion current to the reference elec-
trode may be violated. In this case, it is necessary to decrease the radius rg, .

Direct problem of probe measurements. The considered isolated probe sys-
tem is always in a state of equilibrium [1], determined by zero total current of
charged particles through the collecting surfaces of the electrodes. The equilibrium
potential of the reference electrode o, , corresponding to the value of the bias po-

tential o;,, is determined from the current balance equation in dimensionless form
3]
Sg 'I_c((Pcp)"’ I_c((Pp):O (3)

where I_c((pcp) is the dimensionless current to the reference electrode, I_C((pp) is
the dimensionless current to the probe, ¢, =;, + ¢, and is the equilibrium po-
tential of the probe corresponding to the bias potential o;, .

It was shown in [3] that the probe current T ,(p;,)=1, (¢i, + (pcp) is a continu-
ous piecewise-analytic function of the bias potential and parameters y,, xm, I,
B, Si, Sg. Breaks of smoothness of the function I_p (¢;,) take place at points that
separate regions where different calculation formulas used in (2):
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Piz = Pcps iz = Pcp +Si2/(B'Xm)' Piz =~ Pep +Si2/B- (4)

The first condition determines the boundary between transition and electronic
parts of 1-V characteristic. The second and third conditions correspond for ions of
species i,1 and i,2 to the separation between ion and transition parts of VAC of the
reference electrode, which is always at a negative potential with respect to the un-
disturbed plasma. Equalities (4) determine for the probe system with area ratio of
S, such surfaces in the space of variables (@i, , %, %m 1. B,S;), on which the

derivatives of the function 1, (¢;,,%n,%m. kB, S;,Ss) have discontinuities of the

first kind.
Thus, the function (@i, %n.%mH.B.S;,Ss) that determines the I-V charac-

teristic of an isolated probe system and all its derivatives are square-integrable
with respect to the bias potential. We find the bias potentials at which the smooth-

ness of the function T (i, %m.H.B.S;.Ss) is violated by substituting right-
hand side of equality (4) instead of ¢;, in (3) and solving the resulting equation
with respect to the equilibrium potential ¢,. We obtain the value of ¢;, by sub-

stituting the found o, into the corresponding

-2.5 equality (4).

o 09 07 05 Let . )
: et’s denote by ¢;, the probe bias poten-
tial and by (pzp corresponding equilibrium po-
35 + tential of the reference electrode relative to the
plasma, at which the probe potential equals the
a | plasma potential, i.e., the first condition in (4)
is satisfied. Fig. 1 shows the dependences of
45 s the bias potential (pfz on the area ratio S, at
0 400  Sg 800  the values of y,=0.01, 0.1, 0.3, 0.5, 0.7, 0.9.

Fig. 1 The calculations were performed for S; =5,
n=343.10">, y, =16 and B=1.2. It ap-
pears that over the considered domain of parameters y, and S, the value of the

bias potential changes quite significantly.

For the first condition in (4), which determines the boundary between the tran-
sition and electronic regions of the I-V characteristic, the approximation of the
equilibrium potential of the reference electrode is found:

(PZp ~ |n(2/ﬁ-@)+
Xn '\/Si2+Xm(1/2—[3'<Pﬂ)+(1—Xn)'\/3i2 +12-B-gq +

1 2 2 L
+S—s‘{'X.n -m"'(l_x,n)'\/m_m]

where ¢4 = |n(1/u/[3 -2/\/E-Si) is the approximate value of the floating potential
of a long cylinder transversely placed in plasma flow. For Sse[50,1000],

+1In
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Be[1,1.5] and y, <0.9 the error of the approximate formula does not exceed
1.6% at S;=7, 2.5% at S;=5, 3.7% at S;=3, 5.7% at S;=2; for y, <0.5 the error
does not exceed 1.4% at S;=7, 1.7% at S;=5, 2.8% at S;=3, 3.5% at S;=2. As
parameters S, S; increase and parameters B, y, decrease, the approximate for-

mula becomes more accurate. The value of the bias potential of the probe relative
to the reference electrode, at which the first condition from (4) meets, is deter-

mined by the relation ¢;, =—¢g, . In what follows, we take the value of the dimen-

sionless bias potential (p?z as the boundary separating the transition and electronic

parts of the I-V characteristic.
To apply relations (2), (3) in modeling probe measurements in the ionosphere,
following [3], we use the geometric parameters of the isolated probe system S,

S, and the parameters of the plasma flow {ne,Te,Xn,xm,p,B,V}. Let’s select from

this set several plasma parameters of our further concern, and denote the selected
setas G =(g1,.., gk ) Here K <7 is the number of selected parameters. The rest

of the plasma parameters are assumed to be given.
In dimensional form, the dependence of the probe current I, on its potential

relative to the unperturbed plasma U, =U;, +Ug, can formally be written as fol-
lows:

Ip(UizvSst): IeO(G)' I_c(eUiz/kTe +(Pcp(euiz/kTe’Ss’G)’G) (5)

where the equilibrium potential ¢, (eU;, /kT,,S,,G) is to be found as the solution
of the current balance equation (3) with substituted parameters (SS,G).

Analysis of problem parameters. Let us consider the influence of plasma pa-
rameters on the probe current I_p . Numerical studies is carried out for basic values of
parameters close to the parameters of the ionosphere at night at an altitude of about
500 km: n, =9-10"° m?3, T, =1200 K, y, =0.1, x,, =16, n=3.43.107°, f=1.2,
V =7500 km/s.

Let us denote by G, the vector of the above values of the considered parame-

ters. Changes in parameters is characterized by relative values §; = g; / 9o - where
g; isthe current value, doj is the base value of the parameter, j=1..K .

Fig. 2 — Fig. 5 show the dependence of the probe current I_p on the relative val-
ues of the main problem parameters {n,,T,,,.V }: for electrode areas ratio of Sq=
50, 100, 150, 200, 400, 600 at bias potential ¢;, =1V (a); for potentials ¢;,= 0.3, 1,
3,5,7,10V at S;=100 (b) and at S, =400 (c). It is shown the effect of the electron
density n, (Fig. 2), electron temperature T, (Fig. 3), parameter y, (Fig. 4), mass
flow velocity V (Fig. 5) on the probe current. Since the parameter T, is assumed to

hold when T, varies, the parameter 8 also vary synchronously with T,. An increase
in the bias potential ¢;, and electrode areas ratio Sg with fixed other parameters
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leads to an increase in the probe current. Therefore, I_IO curves corresponding to the

series of parameters S, = 50, 100, 150, 200, 400, 600 (a) and ¢;;= 0.3, 1, 3, 5, 7,
10 V (b, c) do not intersect and arranged from bottom to top.

The mathematical model (2) — (3) determines the linear dependence of the probe
current on the electron density n, . Therefore, in Fig. 2 dependence of I_p on n, rep-

resent straight lines. Thus, the function Ip(U iZ,SS,G) and its derivatives with re-

spect to other parameters depend linearly on n, . With an increase in the bias poten-
tial ¢;, and area ratio S, the influence of the electron density n, on the collected
probe current increases.

Analysis of the results presented in Fig. 3, a) — Fig. 5, a) shows that with an in-
crease in the area ratio S, the dependence of the probe current on the parameters
Te, %, and V approaches became almost linear. The results presented in
Fig. 3, b), ¢) — Fig. 5 b), ¢) show that with an increase in the bias potential ¢;,, the
dependence of the probe current on T, and V also approaches to linear, but the de-
pendence on y,, on the contrary, tend to be linear for smaller o;, .

5 12 16
I ) 10 i 10
p 600 P
| 6 / 8 /
S=50 / /
) ¢i,=0.3 0i,=0.3
_._._._._._._-—-—'_' _._._._._._._._-—
1 : 0 : 0 :
0.5 n, 0.5 1 n, 1.5 0.5 1 m, 1.5
a) b) c)
Fig. 2
3.5 10 14
] ] 10 ] 10
P 600 P P
3 -
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Fig. 3
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Shown in Fig. 3 dependence of the probe current on the electron temperature T,
at ¢;;23 and S, 2100 can be assumed to be linear in the considered range of parame-
ter T,. In this case, the effect of T, on the collected probe current, by the Langmuir
probe theory, is stronger in the transition region of the I-V characteristic at o;, <1.
At ¢;,23 and S, =100, the effect of T, on the collected probe current is insignifi-

cant.
Shown in Fig. 4, the dependence of the probe current on y, covers the entire

permissible range of parameter variation, from 0 to 1. As the area ratio S, increases,
the effect of y, on the collected probe current decreases. The strongest influence of
X, On the probe current is observed in the electronic part of the I-V characteristic at
0;;>3 and S, <150. In the transition part of the 1-V characteristic and at large
S, >400, the effect of the parameter 7, on the collected probe current is insignifi-

cant.
The flow velocity V is known to be the determining factor for the ion current to
the electrode in the transition region of the I-V characteristic. At ¢;, <1, the nonline-

ar dependence of the probe current on V in Fig. 5 is observed for all considered val-
ues of S,. At @;;>3 and S, >400, the influence of V on the probe current is negli-

gible.
For the function 1,(U;,,Ss,G) in the vicinity of the base point G, we define

dimensionless sensitivity functions [3]:
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ng ol p(Uizass’GO)
leo(Go) 09

Using the Taylor formula of the 1st order, for small changes in the parameters
gj= goj(1+ ng ) in the vicinity of the point G, we obtain

l_p,g,-(UizaSs,Go)= , J=1.K.

AI (Uiz’SstO'SG)
IeO(GO)
where G =Gy o(1+8G) is the vector of varied parameters; 8G =(8g;.,..,8gy ) is the

vector of relative variations of parameters; A, (U;,,S,,G,,8G) is the remainder in

the Lagrange form, calculated through the second derivatives of the function
1,(U;;,Ss.G) at some point G =G o(1+05G) in the set of parameter values,

I_p(Uiz’Sst) I UIZ’SS’GO 28 I Ulz'ss’GO) (6)

0<6<1, acb isthe element-wise product of vectors a and b.

As mentioned above, the function I_p (Piy % ns Xom 1B, Si» S ), Which determines
the dimensionless I-V characteristic of the probe system, and all its derivatives are
square-integrable with respect to the bias potential ¢;, . Consequently, function (5),
which determines the dimensional probe current, and all its derivatives by parameters
{ne,Te,Xn,Xm,p,B,V} are square-integrable with respect to the potential U,,, an

for them the norm in L, on the interval [U,,U, | can be determined:

U,
1 2
UG M[uo,ul] - muﬂl v

For simplicity, parameter S, in the notation of functions and the interval in the nota-

tion of the norm are further omitted.
Using the Minkowski inequality [7], from (6) we obtain:

HI U'Z’G UIZIG 2‘5 H‘lpg UIZ,GX ”AI(UiZ’Gr’SGX"
||e0(Gr)|

The residual term, normalized by the thermal electron current, is estimated by the
second derivatives of the function | p(Uiz ,S¢,G) on the set of the considered values

of parameters G =G, o (1+3G). It’s possible to avoid the calculation of the second

derivatives of the probe current in the following way. Using formula (6) and the
properties of the norm, we can write

[(Uy, Gy o (1+3G))- T, Uy, G, )]~
K

s max

SGMIN <§G <G Max Z 9j pgj Uy, Gy)

A, (U,,.G,,5G)|
” IeO(Gr) ”

Taking into account the monotonic dependence of the probe current on the
plasma parameters, the estimate of the norm on the right-hand side can be found
by a simple checking through the extremal values of the parameter range

5G™" <3G <5G™, where 5G™" = (59,™....59,™) and
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5G M =(Sglmax,..,é‘>g,<max) are, respectively, the vectors of the smallest and

largest admissible values of the parameters [3, 5].
Fig.6 shows the dependences of the sensitivity functions norm

Hl_p,gj (Uizass’GrX
tial range [0, 0.4 V] and in the electron saturation region (b) of I-V characteristic in
the bias potential range [0.4 V, 12 V]. The bold solid curve in Fig. 6 corresponds to
the function Hl_p,ne

on the area ratio S in the transition region (a) in the bias poten-

of sensitivity to parameter n,, the thin solid curve - function

HI_p’Te H of sensitivity to parameter T,, dashed curve - function HI_Mn H of sensitivity

to parameter y,,, dotted curve - function Hl_p,v H of sensitivity to parameter V .
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Fig. 6

In the transition region, the norm of the sensitivity function to T, is almost twice
the norm of the sensitivity function to n, for all values of S, . In the transition region
and in the electron saturation region at S_ >400, the norm of the function of sensitivi-
ty to y,, is very small. In this case, the norm of the function of sensitivity to velocity

V exceeds that to y, for all values of S, .

Thus, results of parametric studies at positive bias potentials from 0 to 12 V and
more, shown in Fig. 2 — 6 and in [3], prove that:

— the regions on the 1-V characteristic where strong influence of n, and T, on the
current occur, are different for all considered values of S, : it is electron saturation
region for n, and transition region for T,, as in the classical theory of a single

Langmuir probe;
— the strongest influence of the parameter y,, is observed in the electron saturation

part of the I-V characteristic at S, <150, and at S, >400 the effect of y,, on the col-

lected probe current is insignificant;
— the region of influence of the parameter V coincides with that of y, for all con-

sidered S, .
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Inverse problem. It was shown in [3] that, in contrast to a single Langmuir
probe, the electronic part of the I-V characteristic of an isolated probe system de-
pends on the ion flow velocity V . This makes it possible to interpret probe meas-
urements using only positive bias potentials (transition and electron saturation
parts of the I-V characteristic), at which the probe current significantly exceeds the
one collected in the ion region of I-V characteristic.

According to the problem formulation, the ion masses (i.e. parameters y,, 1)

are known. Following [3], we fix the value of the parameter 3 based on the a pri-

ori information about the admissible values of the degree of plasma non-
isothermality. In addition to unknown parameters {n,,T,,%,}, we also consider the

mass velocity of plasma flow V , assuming it is given with certain accuracy 3y, .

Let us consider a probe system with switchable reference electrodes, which is
capable to measure the 1-V characteristic at various values of the area ratio S; [3].

Let S, and S,  be different area ratios (S; <S, ). We have experimentally ob-
tained 1-V characteristic for both measuring systems, Ims( 0, S. ) and

Ims( 0 Se ) Taking into account the above considerations about the influence of
problem parameters on the probe current, the problem of reconstructing unknown
plasma parameters {n,T,,y,} at S; <150 and S >400 becomes:

n: Fls,"6%0,)=  min  Fs,”,6,0,) ™
g <n <ngX

T Fls 6N )= min Fls,6.0,) ®)
T <T <T™

o Fls,.6%.0,)=  min  F(s.,6.0,) ©)

" <t <un
where F(SS,G,QiZ)zulp(Uiz,SS,G)—ImS(UiZ,SS)ﬂQ is the norm in L, on the

interval of bias potential €;, of the difference between the theoretical
Ip(UiZ,SS,G) and experimental 1,(U;,,S,) I-V characteristics, corresponding to

the areas ratio of Sg; :[O,U;] corresponds to the transition region on I-V

characteristic, Q, = [U;;,U{Z”ax] — to the electron region on 1-V characteristic; U,
is the value of the bias potential that corresponds to the zero potential of the probe
relative to the plasma potential; U T is the largest value of the bias potential. The
superscripts "min" and "max" indicate the lowest and highest parameter values,
respectively. For the parameter y,, its entire range from yM"=0to ¥M™* =1 is
used. When calculating the functional F(S,,G,Q;,), a piecewise linear interpola-
tion is applied to the experimentally obtained discrete functions I,(U;,,Ss).

Problem separation into a sequence of variation problems (7) — (9) is done in
order to obtain adequate estimates of the reliability of parameters determination.
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Determination of parameters {ne,Te,xn} is performed by sequential solving varia-

tion problems (7) — (9), initial guess is made using a priori information about the
investigated plasma flow [3, 5, 6]. Next variation problem uses solution of previ-
ous problem as an initial guess. This approach, similar to the classical method of
processing the 1-V characteristic of a single Langmuir probe, allows using for eve-
ry unknown parameter only parts of 1-V characteristic where its influence on col-
lected current is strong.

Since the domain of definition of the functional (norm) can change with
changing parameters, solving each problem is carried out on a fixed domain, and

Ui’; is calculated only once before solving each variation problem.

The performed calculations proved that with an adequate choice of initial
guess, the first iteration of solving each variation problem (7) — (9) returns decent
for practical use solution. Usually, 2-3 more iterations is enough to get more accu-
rate results, when necessary.

Let us denote by 1,(U;,) real current that probe naturally collects, 1,,,(U;,) is

measured probe current, G, =(gr1,..,ng) is real values of plasma parameters,
G*z(gf,..,g;) is the solution of the inverse problem (7)—-(9). Let
8G =(89;,...89 ) be vector of relative deviations of G, from G”, such that

G, =G o(1+8G). The function 1,(U;,) is assumed to be square integrable. Vec-
tors G, and 8G are unknown.
Considering the identity

U, G)-1 (U,Z,G)
[I U;,,G,)-1,U;,) ]+[| Ims (U3, ]+[ms(ulz) I (Uiz'G*)]

and using the Minkowski inequality for each norm corresponding to variation
problems (7) — (9), we obtain the estimate:

HI |z’ (UIZ'G ]‘<“I_r(uiz) I (UIZ’G X""“I_r(uiz)_l_ms(uizm'"
+H|ms(uiz)_ p(UiZ’G ]‘SSM tEms T EF

where g, is the error of the mathematical model (2) - (4), it limits the first term of
right-hand side; €, is the error in electric current measurement, it limits the sec-
ond term; e is minimum of the functional of the problem (7) — (9), it limits the
third term. In general, gy, , €,s and e depend on Sg and the interval at which
the norm is calculated.

Assume that a majorant M, exists for the normalized residual term in (6), so
that ”A| (U,Z,S G SGJ‘/ IeO(G*]s M, for |G|, <&. Let us estimate the error of

parameter determination g;, ie [1 K]. Solving (6) with respect to the term con-
taining g;, using the Minkowski inequality and the positivity of the norm of the
sensitivity functions, taking into account (10), we obtain

. (10)
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|p,gj(uiz,ss,e

e K
‘Sgi ‘ ) Hl_p,gi (U iZE’ SS’G*J i ;‘691 ‘ I_p,gi (U iz SS’G* (11)

J#i

where g5 =gy +&ps + € + M, IS the total error of the mathematical model, probe

measurements and problem linearization by parameters. Terms in (11), including
the error ¢y, are estimated by the norms in accordance with the variation problem

from (7) — (9) for parameter g;. Note that the norms and the error &5 in (11) are
written for the corresponding absolute values, normalized by the thermal electron
current, while 8 is the relative errors of the parameters.

Estimates (11) are also valid for the discrete quadratic norm on grid-defined
functions 1,(U;,), 1,U;,.G,), 1,U;,.G).

Considering V as a known parameter with uncertainty &, , from (11) we ob-
tain three inequalities that estimate the uncertainty of each parameter values from
the set {ne,Te,xn} through that of the remaining two. Solving the resulting system
of linear inequalities, we estimate the reliability of the determination of unknown

values {n,,T,,%,} corresponding to the parameters (SS,G*).

Fig. 7 shows the obtained dependences of the uncertainty in the parameters
determination 34 on ey . Solid curve corresponds to the uncertainty 3, of the n,

determination, dashed curve — to the uncertainty STE of the T, determination, dot-

ted curve — to the uncertainty an of the y,, determination, dots — to the uncertain-

ty 8, for wider potential range U;* =100 V in the formulation of variation

problems (7), (9). The calculations is carried out for electrodes areas ratio of

S, =50 and S, =600, the uncertainty in the

flow wvelocity around the electrodes of
dy =0.01.

The obtained estimates showed that the
0.1 ¢ Ppre proposed procedure for diagnosing plasma

A parameters by the 1-V characteristic of an iso-
lated probe system in terms of the reliability
of electrons density and temperature determi-
nation isn’t worse than measurements by a
single Langmuir probe at all considered inter-
vals of the bias potential from 0 to 10 V and

-
e

0.01

0.001

0.1

0.2 €, 0.3

Fig. 7

more. The reliability of determining the mass
composition (parameter y,) of plasma with

two ions species is not sufficient for meas-

urements in the ionosphere using bias poten-
tial range from 0 to 12 V. For wider (tens of volts) interval of the bias potential,
the reliability of the electron density and y, determination increases, while the
reliability of the electron temperature, which is determined by the transition part of
the 1-V characteristic, determination increases insignificantly. With a range from 0
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to 100 V, as shown in Fig. 7, the reliability of the parameter y, determination is
not worse than that of the electron temperature.

Conclusions. A procedure for determination of parameters of the low-
temperature collisionless plasma flow with two ions species by the I-V characteris-
tic of an isolated probe system with cylindrical electrodes is developed. The analy-
sis of the previously developed mathematical model of current collection by the
probe system at positive bias potentials and an arbitrary electrode areas ratio is
carried out. An approximate formula is obtained to calculate for the given plasma
flow and probe system such value of bias potential that separates the theoretical I-
V characteristic into the transition and electronic parts. Then, each individual
plasma parameter is determined considering the ranges of their strong and weak
influence on the collected current. For conditions close to ionospheric probe meas-
urements, it is estimated how uncertainty in plasma parameters affects the collect-
ed probe current.

The problem of identifying the density, temperature of electrons and the ionic
composition of plasma is formulated as a variation problem for which the objective
function is the difference in L, between theoretical and measured I-V characteris-
tics. Each parameter has its own objective function, with its own domain of defini-
tion and settings of measuring probe system. On the basis of this formulation of
the inverse problem, estimates of the reliability of determining the plasma parame-
ters are obtained depending on the errors of the mathematical model and probe
measurements. It is shown that to reliably determine the mass composition of
plasma with two-sorted ions, wide interval of bias potential up to tens of volts is
required in probe measurements.

The results obtained can be used in diagnostics of ionospheric plasma.
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