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Po3rnsiHyTo BNAMB TUCKY COHAYHOI pagiauii Ha pyx CynyTHWKa Malike KpYroBUMU HU3bKMMMU HaBKOM03eM-
HUMK op6iTamu. [NocTaHOBKa 3afadi 3yMoBneHa HeobXiAHICTIO BU3HAYEeHHS BNAMBY CW TUCKY COHAYHOI pagiauii
Ha pyX Nerkux KomepuiiHWX CymyTHWKIB AMCTaHLiliHOro 3oHAyBaHHS 3emni ([33) 3 BeMMKMMU nowwamMu ix
MOBEPXOHb (COHAYHI 6aTapei, aHTeHn). 3agaya nonsrae y BU3Ha4eHHi OCHOBHMX 3aKOHOMIPHOCTE LibOro BR/MBY,
no6y/ao0Bi LOCUTb MPOCTUX i AOCTATHLO TOYHKX OLIHOK 3MiHW NapaMeTpiB Op6iT Ans opbiT, Lo po3rnsgakThes, i
3'AcyBaHHi (i3vKu (MPUUYMHHO-HACNIAKOBUX 3B'A3KiB) 3MiH NapameTpiB. HOBM3Ha JOCMIMHKEHHA TaKOX Nonsrae y
BMKOPMCTaHHI 3MiHHYX, LU0 cneLjianbHO BBEAEHO ANs ONMCy PyXy Malike KpyroBummn opbitamu.

[ocnifpkeHHs NpoBOAATLCSA B NPUNYLLEHHI NOCTIAHOCTI CUAN TUCKY COHAYHOrO BUMPOMIHIOBAHHSA MO BCiil
op6iTi i 6e3nocepefHbO MOB’A3aHI 3 OpbITaMKN «CBITAHOK—3aXiA», K 4aCTO BUKOPWUCTOBYIOTLCS /18 CYyNYTHUKIB
[33 i3 cuctemamy pagionokauiiHoro CnocTepeXXeHHs.

Y pesynbTaTi focnigyeHHs bynu nobyAoBaHi NPOCTi aHaNiTUYHI BUpasy, L0 OMUCYHTb OCHOBHI 3aKOHOMI-
PHOCTI KOPOTKOYacHMX (AeKiNnbKOAEHHWX) 3MiH napameTpis op6iTy. Mokas3aHo, Lo 3MiHa opieHTauil NAOLMHK
0p6iTV BM3HAYAETLCS Ai€t0 FiPOCKOMIYHOrO MOMEHTY. Lleli MOMEHT BPiBHOBaXYE [it0 MOMEHTY 30BHILLHIX cun,
CMPSMOBAHMX Ha 3MiHy OpieHTauil, i 3MiHy opieHTauii NepneHAVKYNsapHO HanpsMKy MPUKNafeHOro MOMEHTY
30BHILLHIX cun. OCHOBHUM eqeKTOM Aii CUN TUCKY COHAYHOI pagiauii € 36Y[KeHHs BUMYLLIEHUX KOMMBaHb
pagiyca opbiTi 3 aMnAiTyAOt0, WO NiHIHO 3pocTae 3 YacoM. MakcMyMU X KOnvBaHb (anorein) npunagatoTb
Ha TOYKY, fle CU/N CBITNI0BOrO TUCKY MakKCUMaslbHO CMOBIMbHIOTbL PYX CynyTHKKa (CNPAMOBaHI MPOTU LUBWS-
KOCTi), @ MiHiMyMW (nepureid) — y TouLi MakCMMabHOrO MPUCKOPEHHS PyXY.

MokasaHo, Lo piuHuii pyx COHLSA MOXe SIKICHO 3MiHUTV KapTWHY eBoftoLii napameTpiB opbitu. Ans co-
HAYHO-CUHXPOHHUX Op6IT “cBiTaHOK—3axif” NO6GYA0BaHO KOMMAKTHI aHaniTWuYHI PO3B’A3KWM AN 3MiHM napa-
MeTpiB Op6iTU Ta NOKa3aHo, LU0 PiYHMIA pyXx cxuneHHs COHLSA NpPM3BOAWTL [0 3MiHW HanpsMKY eBositoLii hopMu
0p6iTV Ha NPOTUNEXHWIA.

MpoBeaeHi po3paxyHKV MoKas3ain AOCTaTHbO BUCOKY TOYHICTb aHaNiTUYHWX PilleHb Ha NO4YaTKOBOMY iH-
TepBani yacy. OTpUMaHi YMCeNbHi OLIHKM Jal0Tb 3MOTY OLiHUTW BM/IMB COHAYHOTO TUCKY Ha 3MiHY MapameTpis
op6iTw.

KntoyoBi cfioBa: TUCK COHAYHOT pagiauii, CynyTHUK ANCTaHLiNHOTO 30HAYBaHHA 3eMAi, OCHOBHI 3aKOHO-
MIpHOCTI, aHani TWYHi pilleHHs, 3MiHa hopMu opbiTH.

This paper considers the effect of the solar radiation pressure on the motion of a satellite in an almostcircu-
lar low-Earth orbit. The formulation of the problem is due to the need to determine the effect of solar radiation
pressure forces on the motion of light commercial Earth remote sensing (ERS) satellites with large surface areas
(solar batteries and antennas). The goal is to determine the main regularities of this effect, construct reasonably
simple and accurate estimates of changes in orbital parameters for the orbits under consideration, and clarify their
physics (cause-and-effect relations) The novelty of this study also lies in the use of variables specially introduced
to describe a motion in almost circular orbits.

The study assumes that the solar radiation pressure force is constant throughout the entire orbit, and it is
concerned with dawn-dusk orbits, which are often used for ERS satellites with radar observation systems.

The paper presents simple analytical expressions that describe the main regularities of short-term (several
days) changes in orbital parameters. It is shown that the change in the orientation of the orbital plane is deter-
mined by the action of the gyroscopic moment. This moment balances the effect of the moment of external forces
aimed at changing the orientation and the change in the orientation perpendicular to the direction of the applied
moment of the external forces. The main effect of the solar radiation pressure is the excitation of forced oscilla-
tions of the orbital radius, whose amplitude linearly increases with time. The maximums of these oscillations
(apogee) are at the point where the light pressure forces maximally slow down the motion of the satellite (directed
oppositely to the velocity), and the minimums (perigee) are at the point of the maximum motion acceleration.

It is shown that the annual movement of the Sun can qualitatively change the picture of the evolution of or-
bital parameters. For sun-synchronous dawn-dusk orbits, compact analytical solutions for changes in orbital pa-
rameters are constructed, and it is shown that the annual movement of the Sun’s declination reverses the direction
of evolution of the orbital shape.

The calculations showed a reasonably high accuracy of the analytical solutions at the initial stage. The ob-
tained numerical estimates make it possible to evaluate the effect of the solar pressure on changes in orbital pa-
rameters.

Keywords: solar radiation pressure, Earth remote sensing satellite, main regularities, analytical solutions,
change in orbital shape.
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Introduction. The effect of solar radiation pressure on the motion of a satel-
lite in almost circular low Earth orbits is considered. Interest in this issue is associ-
ated with the need to assess the effect of various disturbances on the movement of
Earth remote sensing (ERS) satellites. As is known, remote sensing satellites use
low Earth orbits, for which the main disturbing factor is the non-centrality of the
Earth’s gravitational field. However, the desire to increase energy availability and
the corresponding increase in the area of solar panels, as well as the desire to re-
duce the mass of satellites, are increasing interest in studying the effect of solar
radiation pressure on the movement of ERS satellites. We also note the increasing
requirements for the accuracy of the movement of ERS satellites, and the task of
choosing stable (frozen) orbits [1]. Therefore, studies of the effect of solar radia-
tion pressure on the motion of satellites in almost circular orbits are relevant.

Extensive studies of the effect of solar radiation pressure on the motion of ar-
tificial Earth satellites are associated with significant changes in the orbital param-
eters (orbital eccentricity) of the Vanguard | satellite (1958) [2]. In the article [3],
using Lagrange’s planetary equations, the effects of solar radiation pressure on the
orbital parameters of the Earth’s satellites were studied, and equations for changes
in parameters averaged over the true anomaly were obtained. Since then and to the
present, numerous studies have been carried out on various issues of the effect of
solar radiation pressure on the movement of the Earth’s satellites (see, for example,
[4-8]). However, formulas describing the effect of solar radiation pressure on
changes in orbital parameters in the general case are very cumbersome [9, 10].
Therefore, it is of interest to obtain simpler formulas for changing the parameters
of almost circular orbits. For ERS satellites, studies of sun-synchronous orbits
(SSO) are of particular interest, because in this case, the change in the position of
the satellite’s orbital plane is commensurate with the movement of the average Sun
(the case of possible resonance [3, 9]). Also, for control and measurement prob-
lems, short-period oscillations of orbital parameters are of interest, as well as esti-
mates of changes in orbital parameters over several days, when the position of the
Sun can be considered constant.

In the article, under the assumption that the force of solar radiation pressure
acting on the satellite is constant along the orbit, the main regularities of changes
in the parameters of almost circular orbits are determined, and analytical expres-
sions are constructed that quite accurately describe the change in the orbital pa-
rameters of the satellite over a short time interval (up to several days). Simple es-
timates of changes in parameters for sun-synchronous “sunrise-sunset” orbits are
constructed, and the effect of the Sun’s movement on changes in parameters is
shown. The novelty of the research also lies in the use of variables specially intro-
duced to describe motion in almost circular orbits [11, 12].

Formulation of the problem. The formulation of the problem is due to the
need to determine the effect of solar radiation pressure forces on the movement of
light commercial ERS satellites with large areas of their surfaces (solar batteries,
antennas). It is required to determine the main regularities of this effect, to con-
struct fairly simple and sufficiently accurate for the orbits under consideration es-
timates of changes in orbital parameters, and to clarify the physics (cause-and-
effect relations) of changes in parameters. Particular attention is paid to sun-
synchronous orbits, which are often used by ERS satellites.
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Nearly circular orbits are understood as orbits whose radius changes are frac-
tions of a percent of the orbital radius. It is these orbits that are used in most cases
in ERS missions.

Research is carried out under the assumption of constant solar radiation pres-
sure forces throughout the entire orbit. It seems that taking into account the Earth’s
shadow on the satellite’s motion would lead the research quite far from its goal of
obtaining simple estimates. You can verify this by looking at the history of the de-
scription of the shadow function (see, for example, [13-15]). Taking into account
the Earth’s shadow, as well as the effect of changes in orientation and area of effect
of solar radiation pressure on the satellite as it moves in orbit, require additional
research. The research carried out in the article directly relates to the “dawn-
sunset” orbits, which are often used for ERS satellites with radar observation sys-
tems.

Coordinate systems. To describe the motion of the satellite we use the fol-
lowing rectangular coordinate systems:

— inertial coordinate system (ICS) Og XYZ with the origin at the Earth's center
of mass (point Og ), the axis Og X is directed to the vernal equinox point, the axis
OgZ is along the Earth’s rotation axis, the axis OgY complements the system to the
right. We denote the unit vectors of this system as €y , & , €, respectively;

— orbital coordinate system (OCS) with the origin at the satellite’s center of
mass (point O ), the Ox axis is directed along the radius vector of the satellite’s
center of mass; Oy axis is in the plane of the instantaneous orbit in the direction of
the satellite’s movement; The Oz axis is binormal to the orbit. The unit vectors of
this system, directed along the radius vector of the satellite, transversals and bi-

normals to the orbital plane will be denoted by €,, €., €, respectively;

— geocentric coordinate system Og XsYsZg associated with the direction to
the Sun: the axis Og Xy is directed to the Sun, the axis OgZg is perpendicular to
the ecliptic plane, the axis OgYg complements the system to the right. We denote

the unit vectors of this system as €y, €, €, respectively.

The position of the satellite in the ICS is determined by Euler angles: Q is the
longitude of the ascending node, i is the inclination of the orbit, U is the argument
of latitude (Fig. 1).
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The transition matrix from the ICS to the OCS has the form

—sinucosisinQ+cosucosQ sinucosicos+cosusin® sinusini
Tou =|—CosucosisinQ2—sinucosQ cosucosicosQ—sinusinQ  cosusini|.
sinisinQ —sinicosQ cosi

Equations of motion. To describe the motion, we will use a special form of
equations for orbits close to circular [11, 12]. This form of equations describes the
deviation of the satellite’s trajectory from a circular unperturbed orbit. To do this,
dimensionless variables by, b,, y associated with the current position and speed of

the satellite are introduced

r=Ro(l+b), F=b,\u/Ry, P=Ro(l+7);

where r is the distance from the center of the Earth to the satellite; R, is radius of
the unperturbed circular reference orbit; r is radial speed of the satellite; u is
gravitational constant of the Earth; p is focal orbital parameter.

The equations of motion in such variables can be written in the form [16]

2

1/2

sinu s .

i'=zwcosuF,, Q' =zw>—F,, Au '—w(——J Q'cosi,
sini z

)
by =wh,, by=wl= bl+WF y'=2wzsF,,

1

s1/2 Rl . R -
where z=1+b;, s=1l+y, w= Z—Z—Ctgisinan : FT’”ZTS 2F 1,

~ R¢ : U
F, =—2F,, F.,F,F, are radial, transversal and normal disturbing accelera-
1)

tions, respectively; the prime indicates the derivative with respect to U;

S oG [

Au=u-u, U is latitude argument of unperturbed orbit, U= 3 —2 is the
Ry Rg

acceleration due to gravity for a given height.

Model of acceleration of solar radiation pressure forces. The vector of dis-
turbing acceleration caused by solar radiation pressure (SRP) is determined as fol-
lows [10]

PsrpCRAsRP Msuna

IERP:_
S m

‘rSun A‘
where pggp IS the force of solar radiation pressure per unit area (can be taken
Psrp =4,57%10° N/m?); c is reflection coefficient; Agzp is the surface area of

the satellite affected by the sun’s rays (illuminated part); m is mass of the satel-
lite; T,y IS radius vector of the Sun relative to the satellite. We assume that the

area Agpp and coefficient cy are constant.
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. . . A
Let us introduce the designation ¢gp = PSR R7SRP. Then for example, for
m

a satellite with a mass of 1 kg and an area of the illuminated part of the satellite of
1 m?, the value of eqgp ~9,1x10° m/s? is a small value (the acceleration from the
second zonal harmonic of the geopotential for the considered orbits is more than
two orders of magnitude greater than this acceleration).

Taking into account the smallness eggp and smallness of the ratio of the or-
bital radius to the distance to the Sun, it is not difficult to obtain that, with great
accuracy, the acceleration caused by solar radiation pressure can be represented in
the form

Fsrp ~ —£5rpEs »
where €g is the unit vector of direction from the center of the Earth to the Sun.

First approximation equations. Since for the considered almost circular or-
bits by, b,, y are small values, and the disturbing acceleration from solar radiation

pressure is small, then, neglecting values of the second order of smallness, in the
first approximation, the equations of motion (1) can be represented in the form

—SI.m.J F;, Au':ly—Zbl—Q’cosi,
sini 2 (2)
bj=b,, by=y-b+F, v =2F.

Regularities of short-term changes in orbital parameters. To study the
regularities of effects of solar radiation pressure forces and short-term (several
days) changes in orbital parameters, we assume that the Sun is stationary in the
ICS. Then the Og XsYsZg coordinate system can be considered as inertial. The
motion of the satellite in this coordinate system will be described by variables sim-
ilar to those introduced earlier with the addition of the index “s”: byg, byg, vs,

Is, Qg, Ug . The equations of motion of the satellite (1), (2) will retain their form,

only the index “s” will be added to the variables.
The position of the Sun in such a coordinate system is given by the ort of this
system

i'=cosuF,, Q'=

6 = 6x, -
Using the transition matrix from the ICS to the OCS, we write the vector &g
in the form
&5 = [-sinug cosig SinQg +cosug cosQg | &, +
+[-cosug cosig sinQg —sinug cosQg €. +sinig sinQ¢E,.

Substituting perturbing accelerations into equation (2), we can write

is =—&(Eg - €,)COSUg =—€Sinig Sin Qg COSUg,
_ .\ sinu . .
Qf = —¢(8g -€,)—— = —&sinQgsinug,
sinig @)
Vs = —2&(Es -6, ) = 2e(cos ug cosig Sin Qg +sinug cos Qg ),

b]'_rs +b15 =7Ys _S(és ér) =7Ys _8(_Sin US COS'S SanS +COSUS COSQS ),
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RG . . . : :
where €= aSRp—O is a dimensionless quantity equal to the ratio of the accelera-
il

tion of the satellite by solar radiation pressure to the acceleration of gravity at the
height in question.

Note that neither the focal parameter (the modulus of the angular momentum)
nor the shape of the orbit depend on the inertial coordinate system in which the
motion is described. Therefore, in what follows we will remove the index “s” from

brs, Das, vs -
Integrating the first three equations (they do not depend on by ) with respect to

ug and maintaining the accepted accuracy, we obtain

Aig = —gsinig sinQg (sinug —sinugg),
AQg =esinQg(cosug —cosugyg ), (4)
Ay = —2¢[cosQ (cosug — cosug ) — Cosig sinQg (sinug —sinugg )]
where the sign A indicates a change in the orbital parameter under the effect of

solar radiation pressure; index “0” hereinafter denotes the initial values of the var-
iables, i.e. ugg is the initial value of the argument of latitude ug .

Let us write (4) in the form
Aig = —¢(&s - &, )(sinug —sinugg ),

AQq =a(és 'é”)(cosus —COoSUgy), (5)

From (4), (5) it is clear that the change in orbital parameters can be represent-
ed in the form

Ax =C(ugg)+ Bcos(ug — ),

where X is the orbital parameter, C is a constant determined by the initial condi-
tions, B, ¢ are amplitude and phase shift. That is, the change in orbital parame-

ters to a first approximation is described by harmonic oscillations, and is deter-
mined by the amplitude and phase shift of these oscillations.

Changes in orbital plane orientation. From (5) it follows that the amplitude
of forced oscillations of the angle of inclination ig to the ecliptic plane is propor-
tional to the cosine of the angle between the direction to the Sun and the normal to
the orbital plane. The phase shift of these oscillations is n/2 at (& -€,)<0 and
—n/2 at (& -€,)>0.

From (4) it follows that the amplitude of forced oscillations of the longitude of
the ascending node in the ecliptic plane Qg is proportional to sinQg, i.e. sine of
the angle between the direction to the Sun and the line of nodes (cosine of the an-
gle between the line of nodes and the axis O¢Yg ). The phase shift of these oscilla-
tions is zero.

To understand the physics (mechanics) of the process that changes the orienta-
tion of the orbital plane, it is necessary to introduce the following axes into the
orbital plane: the OgNg axis, directed along the line of nodes to the ascending
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node of the orbit, and the OgPs axis perpendicular to the OgNg and directed to-

wards the movement of the satellite in the ascending node. That is, the direction of
the OzNg and OgPs axes coincides with the direction of the Ox and Oy axes in

the ascending node.
The moment of solar radiation pressure forces relative to the OgNg (line of

nodes) is aimed at changing the orbital inclination. At points ug =+n/2 this mo-
ment reaches a maximum (minimum), and at points ug =0, «t it is zero. That is, on
a half-turn of the satellite ug [0, =], this moment tends to rotate the orbital plane
relative to the OgNg in one direction, and on the other half-turn ug €[x, 2], in
the other direction.

The moment of solar radiation pressure forces relative to the OgPs is aimed
at changing the longitude of the ascending node. At points ug =0, this moment
reaches a maximum (minimum), and at points ug =+ =/2 it is zero. That is, on a
half-turn of the satellite ug e[-n/2, /2], this moment tends to rotate the orbital
plane relative to the OgP; in one direction, and on the other half-turn
Ug €[n/2,3rn/2], in the other direction.

The change in the orientation of the orbital plane (the orientation of the angu-
lar momentum of orbital motion) is determined by the action of the gyroscopic
moment (the moment of two rotations). This moment balances the impact of the
moment of external forces aimed at changing the orientation (see [12]). Therefore,
the change in orientation is perpendicular to the direction of the applied moment of
external forces. The moment of solar radiation pressure forces relative to OgPg ,
aimed at changing the longitude of the ascending node, is compensated by the
change (rate of change) in the orbital inclination. And the moment of solar radia-
tion pressure forces relative toOg N, aimed at changing the inclination of the or-
bit, leads to a change in the longitude of the ascending node.

Changing the focal orbital parameter. The amplitude of forced oscillations of
the focal orbital parameter is proportional to the cosine of the angle between the
direction of the sun’s rays (opposite to the direction to the Sun) and the direction to
the satellite (). The phase shift of these oscillations is ¢, where

cosg =—cosQs /g, sing = cosig sinQg /q, qz\/cos2 Qg +cos?igsin? Qg .(6)
That is,
(€5 -€,)=—qcos(ug —) and (€ -€.)=—qcos(ug +m/2—o).

It is easy to see that this angle ¢ corresponds to the maximum angle of devia-
tion I from the direction towards the Sun (€&g). The moment of solar radiation
pressure forces relative to the binormal to the orbit is proportional to — (& -€.),
and reaches a minimum at point ug=¢+n/2, and a maximum at point
ug =¢@+3rn/2. That is, on half a revolution of the satellite ug [o, 0+ ] this

moment reduces the angular momentum of the satellite, and on the other half turn
Ug € [o+m, @ +2n] it increases.
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The change in the shape of the orbit is described by the parameter b;. To de-

termine the main regularities of these changes, one can proceed in two ways. In the
first, we consider the changes as changes in the oscillations of a linear oscillator
during forced oscillations. Then the initial equation for analyzing motion is

by + by = o — 26[(Es - &) — (Bs - 6r0)]— (&5 - &) - @)

Using the notation (6) introduced when analyzing changes in vy, we can write
(7) in the form

by + b, = by +3eqcos(ug — o), (8)

where 51 is the constant displacement b, ,

by =70 + 2¢[(Es - &10)]-

Consequently, the change in the shape of the orbit under the effect of solar ra-
diation pressure is described in a first approximation by the equations of a linear
oscillator under a resonant periodic perturbation. The general solution to equation
(8) can be represented as

b :51 + Acosfs —a) +38q|:3in([)5in(us —Ugq) +(Ug —Uso)CO{Us _(p_“ﬂ -
i RO

by + Acos(is —a —gg[cosiS sinQ sinUg —Usg) —(Us —Ugo) €. - &)}

where the quantity Acos(ug —a) denotes the natural oscillations of the orbital

radius.

Thus, the main effect of solar radiation pressure forces is the excitation of
forced oscillations of the orbital radius with amplitude linearly increasing in time.
The phase shift of these oscillations is equal to ¢ + /2, which corresponds to the

minimum angle between the transversal to the orbit and the direction to the Sun.
Consequently, the maximum (apogee) of these oscillations is located at the point
where light pressure forces maximally slow down the motion of the satellite (di-
rected against the speed), and the minimum (perigee) is at the point of maximum
acceleration of motion.

From an energy point of view, solar radiation pressure forces do not change
the energy of rotational motion, but pump energy into the oscillations of the satel-
lite relative to the original orbit. Of course, this applies only to the effect of solar
radiation pressure forces on motion in almost circular orbits, considered in a first
approximation. A linear increase in the deformation of the orbital shape will lead
to a violation of the symmetry of the effect of solar rays on half-rotations of the
satellite and new effects in motion. Consideration of this issue is beyond the scope
of the problem under consideration and requires additional research.

Note that the considered regularities of changes in orbital parameters make it
possible to judge the effect of the shadow on the motion of the satellite. It is easy
to imagine how the shadow from the Earth breaks the symmetry of the action of
the moment of forces relative to OgPs , aimed at changing the longitude of the as-

cending node Qg. In this case, the effect of solar radiation pressure forces will
lead to a systemic change in the inclination of the orbit to the ecliptic plane (possi-
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bly increasing and decreasing) is. And it is difficult to imagine that the shadow

from the Earth (sphere) violates the symmetry of the action of the moment relative
to the line of nodes due to the symmetry of the shadow relative to the ecliptic
plane. Consequently, the shadowing of part of the orbit can only lead to a decrease
in the amplitude of forced oscillations of the angle Qg. Of course, the longitude of
the ascending node Q in the equatorial plane may have systemic changes due to
changes in ig .

The second, most commonly used way to study changes in the shape of an or-
bit is to fix its shape and consider changes in the parameters of this shape. Let's
assume that

b, =b, + Acos(us —a), b, =—Asin(ug — o), (10)

and A and o will be considered as new variables.
After transformations, it is easy to obtain [16] that the equations for changing
A and o can be written in the form

A :—(Apy+ Fr*)sin(uS —a), Ad = (A oV + Fr*)cos(uS —a),

where A,y are periodic changes in the value of Ay under the effect of solar radia-
tion pressure.

Then
A’ =3¢e(€, -€5)sin(ug —a) = —3eqcos(ug —)sin(ug —a), 1)
Ao’ =—-3¢(€, -€5)cos(ug —a) = 3eqcos(ug — @) Ccos(ug —a).
From (11) we can write
A= —gEQ[Sin((p—O,)-i- cos(p + a)sin2ug —sin(¢ + o)cos2ug |
(12)
Aa’ = gaq[cos((p —a1)+cos(g + a)cos2ug +sin(e + a)sin2ug |
Or averaging (12) over ug
- 3 - _ . 3 . _
A= —Ee(coms sinQq COST + COSQg SINTL) = —Esqsm((p— ),
13
—~, 3 - N _\ 3 _ (13)
Ad' = 58(003'5 SinQg SiNG. — COSQg COSTL) = Esqcos((p— a),
where A, o are averaged values.
Integrating (12), to a first approximation we obtain
3 . 1 1
AA=-5 sin(e — o )(ug —uso)—Ecos(ZuS —(p—(x)+§COS(2uSO —p-a)|
(14)

Ao = gs%{cos((p —a)ug —Ugg )+ %Sin(Zus —p—a)- %sin(ZuSO -Q— oc)}

By substituting (14) into (10), we can verify that solutions (14) correspond to
solution (9) to a first approximation. From (13), (14) it follows that the phase shift
of natural oscillations o tends to ¢+ m/2, and their amplitude tends to grow line-
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arly. At the same time, the physical interpretation of the results obtained with this
research approach is significantly difficult. Fixing the oscillation shape directs re-
search to search for distortions of this shape, and thereby complicates (distorts) the
search for regularities of movement.

Accounting for the movement of the Sun. Changing parameters in the
equatorial ICS. Taking into account the movement of the Sun in the first approx-
imation under consideration will lead to the appearance on the right sides of the
equations of slowly changing parameters that describe the position of the Sun in
the ICS: rg,A, & are distances to the Sun, longitude and declination of the Sun,

respectively.
The unit vector of the Sun in the ICS is given by the expression

€5 =COS3COSA €y +COSOSINA € +SiNd €.
In the OCS, the & vector can be written in the form

&5 = [cos&(cosucosp —sinucosisinp)+sinusinisin3]&, +
+[cos (- sinucosB — cosucosisinB )+ cosusinisin 3] &, +
+(sinicosdsinB + cosisind )g,,
where f=Q -\ .
It is not difficult to understand that the first equalities of equations (3) will al-
so be preserved for variables describing the motion of the satellite in the ICS (for

variables, the index s must be removed). Then, integrating these equations to a first
approximation, we obtain equalities similar to (5)

Ai = —¢(8g - €, )(sinu —sinug),
AQ = s%(eosu —cosuUg ), (15)
ini

Ay =-2¢[(&s &) — (& - €;0)]

Only the expressions of the direction cosines € in the OCS will be more
cumbersome.
The above-described regularities of changes in angles ig, Qg will not change

even taking into account the movement of the system Og XsYsZg, and changes in
angles i, Q can be expressed through changes in angles ig, Qg .

The regularities of changes in y will not change either. Only the expressions
for g and ¢ will change

COS@ =—C0SdcosP/q, sing = (cosdcosisinf —sinisind)/q,

(16)
q= \/cos2 §cos? B+ (cosScosisinp —sinisin§)?.

As before,
(s -€)=—qcos(u—¢) and (& -€,)=—-qcos(u+n/2-0).

The regularities of changes in the shape of the orbit will also remain. Equa-
tions (7), (8), the first part of equality (9), equations (11)—(14) will remain un-
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changed, only the index “s” must be removed, and g and ¢ are determined by
equality (16), not equality (6).

At the same time, the movement of the Sun relative to the satellite’s orbit
leads to long-period changes and can qualitatively change the picture of the evolu-
tion of parameters.

Let us consider the case of a sun-synchronous orbit “sunrise-sunset”, which is
important for remote sensing satellites. Such orbits are often used by Earth radar
observation satellites to maintain constant illumination of the satellite’s solar pan-
els. In this case, the angle B as a first approximation can be considered constant
and close to £90°.

Let us assume that B =nr/2+AB, where AB<<1. Then, to a first approxima-

tion in small quantities
Ai =—gsin(i+8)sinu, AQ= g%sin(i +8)(cosu —1),
sini
where it is accepted that uy =0.
When i+8~nr/2,i.e. |cos(i +8)<<1, then g<<1, and to a first approxima-

tion, solar pressure does not change the shape of the orbit, and the amplitude of
oscillations of the focal parameter is of the second order of smallness. This is un-
derstandable, since in this case the direction to the Sun is almost perpendicular to
the orbital plane.

When |cos(i +8)| is not small, q=~|cos(i+38)| and ¢~ sign[cos(i +8)]n/2.
Then, to a first approximation, for u, =0

Ay = 2gcos(i +8)sinu,

AA= —s%cos(i +8)[sino.—2ucosa +sin(2u —a))]
Ao.= s%%cos(i +38)[cosau+ 2usin o —cos(2u — o)}

Thus, for low solar synchronous orbits (i ~ 96°), the annual movement of the
Sun’s declination leads to a change in the direction of evolution of the orbital shape
to the opposite.

Numerical estimates. Calculations showed good agreement between the solu-
tions of differential equations of motion (1) and analytical solutions (14), (15) at
the initial stage (Fig. 2).

The figures show the change in orbital parameters due to the action of solar
radiation pressure during one day under the following initial conditions: date —
September 4, 2023 3:42:50 UTC, B=95°, 6=7,4°, R,=6882 km (orbital altitude is
approximately 511 km), i=97,4°, =257,5°, y=0,0007, A=0,00119, o =281,1°
(which corresponds to b;=0,00023, b,=-0,00117), eqgp=8,835%10% m/c?.

The effect of solar radiation pressure on changes in orbital parameters is de-

: RS c RS L

termined by the value 8=85RP—°=pSRPTRASRP—O, which for a satellite with
W

an area Aggp =1 m? and a mass m =100 kg at altitudes of 250 km — 650 km will

vary from approximately 1,01x10® to 1,13x10%, which corresponds to the maxi-
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mum amplitude of inclination fluctuations due to the action of solar radiation pres-
sure of the order of 0,65x10° degrees.
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The increase in the amplitude of the change in the radius of the orbit is deter-
mined by the value g, which is an even function relative to AB . Possible changes

in g for the dawn-dusk SSO (it is assumed that for such orbits A does not ex-
ceed 20°) are presented in Figure 3.
q
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Fig. 3

Fig. 3, a) shows the change in q for an orbital altitude of 250 km, for which
the SSO inclination is approximately 94,47°; Fig. 3, b) — for an orbital altitude of
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650 km, for which the SSO inclination is approximately 97,96°. As we can see, the
maximum value of g under the accepted assumptions will not exceed 0,6. Conse-

quently, for a satellite with an area Aggp =1 m? and a mass m =100 kg at low SSO,

the maximum possible increase in the amplitude of change in the orbital radius
(value by) per one orbital revolution will not exceed a value of

3neq=6,39x108, which corresponds to a change in the radius at an altitude of
650 km of the order of 0,45 m per revolution.

Conclusions.

1. Simple analytical expressions have been constructed to describe the main
regularities of short-term (several days) changes in orbital parameters. It is shown
that the change in the orientation of the orbital plane is determined by the action of
the gyroscopic moment. This moment balances the effect of the moment of exter-
nal forces aimed at changing orientation, and the change in orientation is perpen-
dicular to the direction of the applied moment of external forces. The main effect
of solar radiation pressure forces is the excitation of forced oscillations of the or-
bital radius with amplitude linearly increasing with time. The maximums of these
oscillations (apogee) is at the point where the light pressure forces maximally slow
down the motion of the satellite (directed oppositely to the velocity), and the min-
imums (perigee) is at the point of the maximum motion acceleration.

2. It is shown that the annual movement of the Sun can qualitatively change
the picture of the evolution of orbital parameters. For sun-synchronous dawn-dusk
orbits, compact analytical solutions for changes in orbital parameters are con-
structed, and it is shown that the annual movement of the Sun’s declination revers-
es the direction of evolution of the orbital shape.

3. The calculations showed a reasonably high accuracy of the analytical solu-
tions at the initial stage. The obtained numerical estimates make it possible to
evaluate the effect of the solar pressure on changes in orbital parameters.
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