
124

Фізика та астрономія
Physics and astronomy

UDC 533.7 https://doi.org/10.15407/itm2025.02.124
V. N. GOREV, V. V. TYTARENKO, A. N. TURINOV, T. E. VORONKO

TEMPERATURE INTEGRAL BRACKETS FOR A ONE-COMPONENT SYSTEM
WITH SMALL INTERACTION

Dnipro University of Technology
19 Dmytra Yavornytskoho Ave., Dnipro 49005, Ukraine; e-mail: lordjainor@gmail.com

Задача опису гідродинамічного етапу еволюції системи та відповідного розрахунку кінетичних
коефіцієнтів системи є актуальною для статистичної фізики. Метод Чепмена–Енскога широко
застосовується до відповідної задачі для різних систем, а поліноми Соніна широко використовуються для
розрахунку наближених розв'язків для функції розподілу системи. Стандартна гідродинамічна теорія
призводить до інтегральних рівнянь Фредгольма першого роду, для яких розв'язки, засновані на
поліномах Соніна, вважаються збіжними. Слід зауважити, що часто аналітичні розрахунки обмежуються
наближеннями одного або двох поліномів через громіздкість таких розрахунків та той факт, що збіжність
розв'язків зі збільшенням кількості поліномів вважається досить швидкою.

Однак, числове дослідження відповідної збіжності представляє інтерес. Наприклад, числове
дослідження відповідної збіжності для простого газу та газу твердих сфер для наближень навіть до 150
поліномів було проведено С. К. Лоялкою, Р. В. Томпсоном та Е. Л. Тіптоном на основі кінетичного
рівняння Больцмана. Однак, нам невідомі роботи, де такі дослідження проводяться для систем, що
описуються кінетичним рівнянням Ландау.

Як відомо, так звані системи з малою взаємодією описуються кінетичним рівнянням Ландау, яке
містить інтеграл зіткнень Ландау. Наприклад, системи з кулонівською взаємодією описуються таким
математичним апаратом. Зокрема, деякі попередні дослідження були присвячені повністю іонізованій
двокомпонентній плазмі, і в більшості випадків використовувалися наближення одного або двох
поліномів. У цій статті ми досліджуємо відповідні інтегральні дужки для однокомпонентної системи з
малою взаємодією, але обчислено інтегральні дужки до наближення тринадцяти поліномів включно. В цій
статті ми обмежуємося лише інтегральними дужками, необхідними для розрахунку температурної частини
функції розподілу першого порядку по градієнтах. Отримано точні аналітичні результати для розглянутих
інтегральних дужок. Отримані результати є важливими для подальшого числового дослідження збіжності
результатів для теплопровідності системи зі збільшенням кількості поліномів у відповідних наближеннях.
Дужки, необхідні для розрахунку швидкісної частини функції розподілу, можуть бути представлені в
іншій статті.

Ключові слова: інтегральні дужки, поліноми Соніна, інтеграл зіткнень Ландау, однокомпонентна
система, мала взаємодія.

The problem of description of the hydrodynamic stage of system evolution and the corresponding
calculation of the system kinetic coefficients is urgent for statistical physics. The Chapman-Enskog method is
widely applied to the corresponding problem for different systems, and the Sonine polynomials are widely used
for the calculation of approximate solutions for the system distribution function. The standard hydrodynamic
theory leads to Fredholm integral equations of the first kind, for which the solutions based on Sonine polynomials
are considered to be convergent. It should be stressed that analytical calculations are often restricted to the one- or
two-polynomial approximations because of the cumbersomeness of such calculations and the fact that the
convergence of the solutions with increasing number of polynomials is considered to be rather fast.

However, the numerical investigation of the corresponding convergence is of interest. For example, a
numerical investigation of the corresponding convergence for the simple and rigid-sphere gas approximations up
to as many as 150 polynomials was made by S.K. Loyalka, R.V. Tompson, and E.L. Tipton on the basis of the
Boltzmann kinetic equation. However, we do not know any works where such investigations would be made for
systems described by the Landau kinetic equation.

As is known, the so-called systems with small interaction are described by the Landau kinetic equation,
which contains the Landau collision integral. For example, systems with Coulomb interaction are described by
this mathematical apparatus. In particular, some previous investigations were devoted to a completely ionized
two-component plasma, and in most cases the one- or two-polynomial approximations were used. In this paper we
investigate the corresponding integral brackets for a one-component system with small interaction, but the
calculation of the integral brackets is made up to the thirteen-polynomial approximation. Here we restrict
ourselves only to the integral brackets necessary for the calculation of the temperature part of the first-order-in-
gradients distribution function. Exact analytical results for the integral brackets under consideration are obtained.
The obtained results are important for further numerical investigation of the convergence of the results for the
system thermal conductivity with increasing number of polynomials in corresponding approximations. The

 V. N. Gorev, V. V. Tytarenko, A. N. Turinov, T. E. Voronko, 2025
Техн. механіка. – 2025. – № 2.

https://doi.org/10.15407/itm2025.02.
https://doi.org/10.15407/itm2025.02.
https://doi.org/10.15407/itm2025.02.


125

brackets that are necessary for the calculation of the velocity part of the distribution function may be the subject
matter of another paper.

Keywords: integral brackets, Sonine polynomials, Landau collision integral, one-component system, small
interaction.

Introduction. As is known [1], systems with small interaction are described
by the Landau–Vlasov kinetic equation, which contains the Landau collision
integral. For example, it is widely used in plasma investigations [2, 3]. The
Chapman-Enskog method is widely used for the description of the hydrodynamic
stage of system evolution, and the Sonine polynomial expansion is widely used to
solve the corresponding integral equations for the system distribution function [2,
4]. The corresponding approximate analytical calculations are usually restricted to
the one- or two-polynomial approximations [2], because the corresponding
convergence rate is considered to be rather high, and the corresponding
calculations are rather cumbersome. However, a calculation in mathematical
packages may allow one to investigate the corresponding convergence numerically.
For example, in [5] a numerical investigation of the convergence of Sonine
polynomial expansions for a simple and a rigid-sphere gas is made up to the 150-
polynomial approximation on the basis of the Boltzmann kinetic equation.
However, we don’t know any papers where a numerical investigation of Sonine
polynomial expansions would be made for a system described by the Landau
kinetic equation. So, this paper is devoted to the calculation of the integral brackets
necessary for obtaining the temperature part of the first-order-in-gradients
distribution function for a one-component system with weak interaction described
by the Landau kinetic equation. In what follows, the integral brackets under
consideration are called the temperature integral brackets.

Calculation of the temperature integral brackets. The Sonine polynomials
are as follows [2]:

. (1)

The temperature integral brackets are as follows [2]:

(2)

where

,

, , ,
(3)

p is the momentum, is the system temperature, is the mass of one particle,
and is a constant. The results of the previous investigation [2] are based on the
calculation of up to the two-polynomial approximation. In this paper we

calculate the corresponding brackets up to the thirteen-polynomial approximation.
First of all, we introduce dimensionless variables, and :

, . (3)



126

On substitution, we obtain

(4)

where

.
(5)

By a straightforward calculation on the basis of (5) it may be shown that

(6)

where

, . (7)

We introduce spherical coordinates:

, , ,

.
(8)

On the basis of (8) and (3) a straightforward calculation leads to

, ,

, ,

,

(9)

where

. (10)

On the basis of (6), (7), and (9), a straightforward calculation yields

.

(11)
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where according to (9)

,

, .
(12)

According to (4) and (8), the temperature integral brackets take the form

. (13)

where the product is given by (11) and (12) with account for (10),

and

. (14)

The product is a sum of some terms that have the form

where is a constant, іs an even integer not less than 2, іs an odd
integer not less than 1, and іs an even integer not less than 0.
In Appendix А on the basis of the results described in [6, 7] it is shown that

(15)

where is considered as a one-dimensional variable. So,

, (16)

is given in (11), (12) with account for (10).
A further calculation of (16) in the general case is rather cumbersome, and it is

made in the Wolfram Mathematica package. The explicit analytical results for
are given in Appendix В. The Wolfram Mathematica code is given in Appendix C.

Conclusions. The exact analytical results for the temperature integral brackets
are calculated up to the thirteen-polynomial approximation. The results up to the
two-polynomial approximation coincide with the previous investigation [2], and
the other results are new ones. The obtained integral brackets are important for
further numerical investigation of the convergence of the results for the thermal
conductivity of the systems under consideration with increasing number of
polynomials.
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Appendix A. Proof of Eq. (15). The integral (15) may be rewritten as

(A.1)

where . On the basis of the tabulated integral [6]

(A.2)

we obtain

.

(A.3)

First of all, it is obvious that this integral is non-zero only if іs an even number.
Let us take

, . (A.4)

Then on the basis of obvious expressions

, , (A.5)
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one can conclude that

. (A.6)

As for the integrals over the variables and , we have

,
(A.7)

and according to (A.6) and (A.1), it makes sense to take the integral (A.7) only for
even . According to (A.2),

,

(A.8)

here, the identity is used. As can be seen, the integral (A.8) is

nonzero only if is an even number: . On the basis of (A.5) we see
that

. (A.9)

On the basis of (A.9) and (A.6) one can conclude that the integral (A.1) is as
follows:

(A.10)
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.

On the basis of the obvious identity

. (A.11)

we rewrite as

. (A.12)

First of all, let us prove that

. (A.13)

On the basis of the well-known expressions

, (A.14)

we rewrite (A.13) as

.
(A.15)

As is known [7],

, (A.16)

So, the expression (A.13) is proved. Let us prove that

. (A.17)

Let us use the method of mathematical induction. The base case is the obvious fact
that (A.17) holds for . The inductive hypothesis is (А.17). The inductive step
consists in the proof of the identity

(A.18)
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on the basis of (A.17):

,
(A.19)

which was to be proved. So, the identity (A.17) is proved. On the basis of (A.13)
and (A.17) one can conclude that (A.12) may be rewritten as

, (A.20)

which proves the statement, see (A.1) and (15).

Appendix B. Explicit results for Gjs. Let us denote

. (В.1)

Due to the symmetry of the integral brackets, we have

. (В.2)

The following explicit expressions for are obtained:

, , , , , ,

, , , , , ,

, , , , ,

, , , ,

, , , ,

, , ,

, , , ,

, , ,
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(В.3)
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Appendix C. The listing of the Wolfram Mathematica code
eN = 13;
Sonine[n_, \[Alpha]_,

z_] = ((1/n!)*Exp[z]*D[Exp[-z]*z^(\[Alpha] + n), {z, n}])/
z^\[Alpha];

DerList[n_] :=
Module[{en = n}, Thes[u_] = Sonine[en, 3/2, u];
TheSS[u_] = Simplify[Thes[u]]; zy = CoefficientList[TheSS[u], u];
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zy];
S[n_, z_] :=
Module[{en = n, ez = z}, ksy = DerList[en];
ThePolynom = Sum[ksy[[j + 1]]*ez^j, {j, 0, en}]; ThePolynom];

DDerList[n_] :=
Module[{en = n}, ws[u_] = D[S[n, u], u]; wws[u_] = Simplify[ws[u]];
zy = CoefficientList[wws[u], u]; zy];

DS[n_, z_] :=
Module[{en = n, ez = z}, ksy = DDerList[en];
ThePolynom = Sum[ksy[[j + 1]]*ez^j, {j, 0, en - 1}]; ThePolynom];

Q[x_, y_, \[CapitalOmega]_] = (x^2 + 2*x*y*\[CapitalOmega] + y^2)/8;
R[x_, y_, \[CapitalOmega]_] = (x^2 - 2*x*y*\[CapitalOmega] + y^2)/8;
G = IdentityMatrix[eN + 1];
For[ii = 1, ii <= eN + 1, ii++,
For[jj = 1, jj <= ii, jj++, j = ii - 1; s = jj - 1;
UnderIntergand[x_, y_, \[CapitalOmega]_] =
Expand[(2/y)*(S[j, Q[x, y, \[CapitalOmega]]] -

S[j, R[x, y, \[CapitalOmega]]])*(S[s,
Q[x, y, \[CapitalOmega]]] -
S[s, R[x, y, \[CapitalOmega]]]) +

((x^2 - x^2*\[CapitalOmega]^2)/(4*
y))*((S[j, Q[x, y, \[CapitalOmega]]] -
S[j, R[x, y, \[CapitalOmega]]])*(DS[s,
Q[x, y, \[CapitalOmega]]] -
DS[s, R[x, y, \[CapitalOmega]]]) + (DS[j,
Q[x, y, \[CapitalOmega]]] -
DS[j, R[x, y, \[CapitalOmega]]])*(S[s,
Q[x, y, \[CapitalOmega]]] -
S[s, R[x, y, \[CapitalOmega]]]) +

2*Q[x, y, \[CapitalOmega]]*DS[j, Q[x, y, \[CapitalOmega]]]*
DS[s, Q[x, y, \[CapitalOmega]]] +

2*R[x, y, \[CapitalOmega]]*DS[j, R[x, y, \[CapitalOmega]]]*
DS[s, R[x, y, \[CapitalOmega]]] - ((x^2 - y^2)/
4)*(DS[j, Q[x, y, \[CapitalOmega]]]*
DS[s, R[x, y, \[CapitalOmega]]] +
DS[s, Q[x, y, \[CapitalOmega]]]*
DS[j, R[x, y, \[CapitalOmega]]]))];

G[[ii, jj]] =
16*Pi^2*Integrate[
x^2*Exp[-(x^2/4)]*y^2*Exp[-(y^2/4)]*
UnderIntergand[x, y, \[CapitalOmega]], {x, 0, Infinity}, {y,
0, Infinity}, {\[CapitalOmega], 0, 1}];

G[[jj, ii]] = G[[ii, jj]];
Print["G[", ii - 1, ",", jj - 1, "]=", G[[ii, jj]]]; ]; ];
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