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CTaHIapTHHM Ta IIHPOKO BUKOPUCTOBYBAHHM B JIITEpaTypi MiAXOJOM O ONHUCY TiAPOAMHAMIYHOIO eTaIry
eBouttowiii cuctemu € Meron Yenmena—EHcKkora, B paMkax sIKOro (GyHKIis pO3HNOALTY CHCTEMH OOYHCIIIOETHCS B
Teopii 30ypeHb 3a MauMu rpagienTaMu. KiHeTnyHi KoedilieHTH CHCTEMH OOYMCITIOIOTHCS HA OCHOBI OTPHMAHOT
(yHKLUIT PO3MOALTY MEPLIOro HOPSAKY MO IPafi€HTaX, TEMIIEpaTypHa Ta UIBUAKICHA YACTHHH SIKOI € PO3B'sI3KaMu
iHTerpanbHUX piBHAHBb Dpearoiabpma mepuioro pody. B miteparypi BBaKaeThCs, IO CTAaHAAPTHHM MiAXOIOM [0
PO3B'sI3aHHS BIAMOBIAHUX IHTErpaNbHUX PIBHAHB € HAOMKEHHUI MOUIYK 1X PO3B'A3KY 3a IOMOMOroio merony I'a-
JIepKiHa, 0 6a3yeThCs Ha ITYYHO 00ipBaHOMY PO3BUHEHHI 3a noniHoMamu CoHiHa.

Taxk 3BaHi iHTErpaibHi Iy)KKH HEOOXiqHI A 00UHCIICHHS KOS(ILi€HTIB PH MOIIHOMAX Ta OOYHCIICHHS 1H-
TerpaJbHUX TYXKOK € HaffOUIbII TPOMI3ZKUM €TaroM OOYMCIICHHS KIHeTHIHUX KoedilieHTiB. Y miTepaTypi BBaxKa-
€TBHCSI, IO PO3B'SI30K PiBHsHHA Ppenronpma Mepuioro poay MBHIAKO 30iracThest 3i 30UIBIICHHSIM KUTBKOCTI MOJi-
HOMIB, TOMY IIpU OTPHMAaHHI BiJIIOBITHIX aHAITHYHUX PO3B'S3KIB JOCITITHUKH YaCTO OOMEXYIOThCS HaOIMKEH-
HAMHU OHOro abo ABOX moiiHoMiB. OnHaK, IjIs HU3KM CUCTEM YMCIIOBE HOCIIIKEHHs BiIIOBiIHOI 30iKHOCTI
IIPOBOJMTEHCS HA OCHOBI BiJIIOBITHHUX YHCIIOBHX PO3PAaXyHKIB JUIsl HAOIMDKEHb BEJIMKOI KibKOCTI HonmiHoMiB. Ham
HEBiZOMi pOOOTH, /ie BiAMOBIAHE YHUCIOBE AOCIIHKSHHS HABEICHO ISl CHCTEMH 3 MAJIO0 B3a€EMOIEI0, L0 OMUCY-
€ThCSI KIHeTHYHUM piBHAHHAM Jlannay, sike MiCTUTB iHTerpai 3iTkHeHb JlaHnay.

VY Hamiii nomepeHiil cTaTTi MU OOYHCIMIN TaK 3BaHi TEMIIEPATypHi IHTErpaabHi DyXKKH ISl OXHOKOMITO-
HEHTHOI CHCTEMH 3 MaJIOI0 B3a€EMOJIEIO 0 HAOIMKEHHsI TPHHAISTH ITOTiHOMIB BKJIIOUHO, BiIIOBIIHI iHTErpab-
Hi Ty)XKH HEOOXIZHI sl PO3PaxyHKy TEIUIOMPOBIAHOCTI CHCTEeMH. Y Wil CTaTTi HaMU OOYHCICHO TaK 3BaHi LIBH-
JIKICHI 1HTETpaJIbHi {Y>KKH JI1 OJHOKOMIIOHEHTHOI CHCTEMH 3 MaJIOI0 B3a€MOJIEIO 10 HaOJIIDKEHHS TPHHAIATH
MOJIIHOMIB BKJIIOYHO, BIATMOBIIHI IHTErpaibHi Ay)KKH HEOOXiZHI s PO3paxyHKY B'A3KOCTi cuctemu. OTpumaHi
PE3yNBTATH € BOXIIMBUMU JUISI IOJAIBIIOTO YHCJIOBOTO JOCIIKEHHS 301KHOCTI pO3B'SI3KIB JUIS TEIUIONPOBIAHOCTI
Ta B'SI3KOCTI CHCTEMH 3i 301TBLICHHAM KiTBKOCTI HOMIHOMIB. BiImoBigHe 4ucioBe DOCITIHDKEHHS 3 AETaIbHUM PO3-
paxyHKOM (DYHKIIii pO3IO/IiTY HEpIIOro MOPSIIKY MaJIOCTi 3a TpalieHTaMH MOKe OyTH HaBE/ICHO B iHIIIN CTATTI.

Knrwouosi cnosa: inmezpanvhi oyscku, noninomu Cowina, inmeepan 3imkHens Jlanoay, 00HOKOMROHEHMHA
cucmema, Mana 63aemMo0is.

The standard and widely used approach to the description of the hydrodynamic stage of the system evolu-
tion is the Chapman—Enskog method, in the framework of which the system distribution function is calculated in
a perturbation theory in small gradients. The system kinetic coefficients are calculated on the basis of the obtained
first-order-in-gradients distribution function, the temperature and velocity parts of which are the solutions of
Fredholm integral equations of the first kind. In the literature it is considered that the standard approach to the
solution of the corresponding integral equations is an approximate search for their solution with the help of the
Galerkin method based on an artificially truncated Sonine polynomial expansion.

The so-called integral brackets are needed in order to calculate the coefficients multiplying the polynomials,
and the calculation of the integral brackets is the most cumbersome stage of the kinetic coefficient calculation. In
the literature it is assumed that the solution of a Fredholm equation of the first kind converges fast with increasing
number of polynomials, that is why the corresponding analytical solutions are often restricted to the one- or two-
polynomial approximations. However, for a number of systems the numerical investigation of the corresponding
convergence is made on the basis of the corresponding numerical calculations for many-polynomial approxima-
tions. We do not know any works where the corresponding numerical investigation would be provided for a sys-
tem with small interaction described by the Landau kinetic equation which contains the Landau collision integral.

In our previous paper, we calculated the so-called temperature integral brackets for a one-component system
with small interaction up to the thirteen-polynomial approximation; the corresponding integral brackets are need-
ed in order to calculate the system thermal conductivity. In this paper, we calculate the so-called velocity integral
brackets for a one-component system with small interaction up to the thirteen-polynomial approximation, the
corresponding integral brackets are needed in order to calculate the system viscosity. The obtained results are
important for a further numerical investigation of the convergence of the solutions for the system thermal conduc-
tivity and viscosity with increasing number of polynomials. The corresponding numerical investigation with a
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detailed calculation of the first-order-in-gradients distribution function may be given in another paper.

Keywords: integral brackets, Sonine polynomials, Landau collision integral, one-component system, small
interaction.

Introduction. We consider a one-component system with small interaction.
As is known, such a system is described by the Landau-Vlasov kinetic equation
which contains the Landau collision integral [1]. As is known, the so-called
Vlasov term which contains the self-consistent field has no effect on the system
kinetic coefficients (see, for example, [2]), so the system kinetic coefficients (vis-
cosity, thermal conductivity) may be calculated on the basis of the Landau kinetic
equation without taking into account the Vlasov self-consistent term.

The system kinetic coefficients may be obtained on the basis of the Chapman-
Enskog method (see, for example, [3]), on the basis of which the system distribu-
tion function is sought in the perturbation theory in small gradients, and the system
kinetic coefficients may be obtained on the basis of the first-order-in-gradients dis-
tribution function, see, for example, [4]. The first-order-in-gradients distribution
function is the solution of the Fredholm integral equation of the first kind. The
Sonine polynomial expansion is widely used for obtaining of the approximate ana-
lytical solution of the corresponding equation, see, for example, [4]. Usually ana-
Iytical calculations devoted to the Fredholm equations of the first and even of the
second kind are restricted to one- or two-polynomial approximations, see [4 — 7].
Moreover, it is considered that in the case of the Fredholm equation of the first
kind the solution converges rapidly with increasing of the number of polynomials.
However, the numerical investigation of the corresponding convergence is of in-
terest. For example, the corresponding investigation is made for binary gas mix-
tures of rigid-sphere molecules [8] and for the solution of the chemical kinetic
Boltzmann equation [9].

The most cumbersome part of the calculation of the first-order-in-gradients
distribution function is the calculation of the so-called integral brackets. In our
recent paper [10] we calculated the temperature integral brackets which are neces-
sary for the obtaining of the system thermal conductivity. This paper is devoted to
the calculation of the velocity integral brackets which are necessary for the obtain-
ing of the system viscosity. The investigation is made up to the thirteen-
polynomial approximation.

Calculation of the velocity integral brackets. The Sonine polynomials are as
follows, see, for example, [10]:

S7(x) =$exx“ ;Xnn (e7x*m). (1)

The temperature integral brackets are as follows [4]

Hjs :{( pl pm _%é‘lm p2j8?/2 (ﬁgp)’(pl pm _%é‘lm pZJSS/z (ﬂgp)} (2)

where ¢, is the Kronecker delta and

P og(p) ag(p)|]eh(p) oh(P) 3
{g,h}—CId pd°p'e an'pp,{ . P . o0, , (3)
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here T is the system temperature, m is the mass of one particle, C is a constant,
see [10].

Let us make the substitution to dimensionless variables ¢ and §' :

=

p=+mTq, p'=mTq". @)
On the basis of (3) and (4) we obtain
H,=C(m I d3qd3q’exp( (4 +4")/ 2)an o BB B (5)
where
) _ _ 099, —5a’/3)S7* (a*/2)  o(aiar, —5,a”/3)S7*(a/2)

e a, x,

2 887*(q*/2) 1
_ s2( 9 |, %01 \M 7<) 4 2
_(é‘lnqm mnql mIanS L 2 J+ 6(q2/2) a, (qlqm 35m|q j (6)

—[dnq; St~ m.qnjss/z(q;] [q.’q;—é%.q’zjq;%-

By a straightforward calculation on the basis of (6) it may be shown that

B Bl aq —2(6knq += qqkjsqusq+2[5 q?+= qqkj @S
—2(5nk (q0')+q,q; —%qnq;jsﬁ’ézssﬁf —Z(Ekn (q0')+ayq, —gq;qk)sié?sféz +

+3q“q A A sq+3q"‘q’q;
—((qq’)2 q'zqzj(q 0 g Ay + U, OHA sq)+ (7)
sa9q
—2(q;q;(qq') q’zq’qk) @Ss — [qkqn(qq’)—%qzq;qkjs,-qusq—
—Z(qnqk (qq’) —éqzqnq;jA aSsq — Z(q;qé (qq’)—%q’zqnqé jS 0S5

where

+gqnqkq (A S +Asquq)+ q'%q.q. (A Ss A S, )

5, = 5" [q_ZJ . 8592 (qu/z) |
2 o(q /2) (8)
(qa")=(a.9")=qa/,9>=(d.d)=q4q, 9 =(d.d) =0/ .
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Then the following transform is made:

X=0+q . y=0-4 . X=(xsing, cosg,,xsiné,sing,,xcosd, ),

9
y=(ysind, cosg,,ysing, singp,, ycosd, ). ©
On the basis of (9) we obtain
X+ o _X=¥ 3
= y = y d d — d Xd y 10
=== qd°q’ = 5 y (10)
and
4 = X% +2xyQ+ y? q,2=x2—2ny+ y?
4 ’ 4 ’
' XZ — y2 2
(q’q ): 4 ! an,qq’5nk = ; ' (11)
[ r ’ X2 (1_ Qz)
an,qq'qnqk = an,qq’ank = an,qq’ank = an,qq’qnqk :4—y !
see [10], where
Q=sing, cose, sing, cosgp, +sing sing, sing, singp, +cosH, coso, . (12)

On the basis of (11), (7) and (8) by a straightforward calculation one can conclude
that

. X2 +2xyQ+y° X —x2Q°
Diy aq Bl a0’ Blslr% aw =T (X' y'Q) :[ y + 6y SigSs +
2 2 2,202
J{x 2xyQ +y +x x°Q qussq
y 6y
IRV oL,
_( M- (SySe +SjySeq ) +
y
xQ2 X +2ny+y X2 = 2xyQ+y? ’
[( ] Ajhsq + [f A |~
(13)
_x QZ (¥ +y ) —4x%y2 Q)
( j T (A +ApAG )+
X2 — X°Q% X% + 2xyQ + y?
+ 3 4 (Alq85q +A5qslq)
y
X2 — X°Q% x> = 2xyQ + y?
+ 3y 4 (Alq Ssq +A5q Slq )
X2 —x2Q2 ([ x*—y? 11X -2xyQ+y?
B T a (Alq Seq +SjgAsy )
2y 4 3 4
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2 _ 202 (x2_v2 1 %% 4 2xvO) 2
X 2); (X 4y _§X + XZ +Yy j(sjq’AqurquSSq’)
where
2 2 2 85%2(z
2 8 oz Z=><2+2><yQ+y2
8

(14)

52 Q_IZ 52 X — 2XyQ + y2 _ 681'5/2 (Z)
qu' - Si - SJ d qu' T
2 8 oz

Zix2 —2xyQ+y?
8

On the basis of (5), (10), (13) it is seen that the integral brackets under considera-
tion are as follows:

/ X% +y?
H, :C(mTT)”Id3xd3ye4yf (x,y,Q(HX,Hy,qox,q)y)):
C(mT)7/2 0 o T V3 2 27 (15)
=T-jdxfdyjdexjd9yjd¢xjdcﬂyg(XvV'Q(ex"gy’(/’x’("y))’
0o 0 0 0 0 0

where

2

g(x, y.9(0,.6,.0,.0, )) = x?y?sin @, sin Gyef%f (x, y,Q(HX,Hy,(pX,(py)), (16)

the explicit expression for Q(HX,Qy,(px,goy) is given in (12). It can be shown that

the expression xzyzf(x, y,Q) is a sum of some terms which have the form

ax’y°Q" where a is a constant, b is an even integer not less than 2, ¢ is an odd

integer not less than 3 and d is an even integer not less than 0. In [10] it is shown
that for integer non-negative n

T

T 2z 27
.([dHX.([deyE[d(oX.[[dgoysinHXsineyQZ”(HX,Gy,goX,(py)z

_ 1672
2n+1

(17

1
=16;z2j92“d9
0

where in the latter integral Q is considered as a one-dimensional variable. So, the
integral brackets may be rewritten as follows

X2 +y?

o o 1
Hy, =22°C(mT)" [dx[dy[aQy’e [ (x,y.0) (9
0 0 0

where Q is considered as a one-dimensional variable. The further calculation of
(18) in general case is too cumbersome, and it is provided in the Wolfram Mathe-
matica package. The explicit analytical results for H are given in Appendix A.
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Conclusions. The exact analytical results for the velocity integral brackets are
calculated up to the thirteen-polynomial approximation. The result for H,, coin-

cides with [4], the other results are new ones. The obtained integral brackets are
important for further numerical investigation of the convergence of the results for
the viscosity of the one-component system with weak interaction with increasing
of the number of polynomials.
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Appendix A. Explicit results for Hjs. Let us denote
7/2
H, =Cz%%(mT)"Y,, /8. (A1)
Due to the symmetry of integral brackets, we have
Yo=Y (A.2)

The following explicit results for Y,  are obtained:

Yoo =1024,Y,, =768, V,, = % Y, =480, Y,, =3912,

Y,,=11889, Y,, =280, Y,, = 2870, Y,, = @izg Y= % ,
315 46235 573045 6323017
Y, =2 Y, = ey, 2y 29l A3
4,0 2 41 24 4,2 64 4,3 256 ( )
575512075 693 39249 1667295
=T aenan =— Y5, = Yoo =

4“4 12288 ' Y 8 : 32 256
20967525 _ 753446175 _ 5109697839 3003

1024 16384 % 65536 50 64
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